(n − 1)⌋ − 1 when n is of the form 4k + 1.
Introduction
The notion of sum graph was introduced by Harary [8] in 1990. A graph G(V , E) is called a sum graph if there is a bijection f from V (G) to a set of positive integers S such that uv ∈ E(G) if and only if f (u) + f (v) ∈ S. We call S a set of labels for the sum graph G, and denote this set by L(G). Conversely, any set of positive integers S induces a sum graph G S with vertex set S and edges s i s j whenever s i + s j ∈ S. Thus every sum graph can be realized as one induced by a (finite) set of positive integers. Since the vertex with the highest label in a sum graph cannot be adjacent to any other vertex, every sum graph must contain isolated vertices. For a connected graph G, the sum number of G, denoted by σ (G), is the minimum number of isolated vertices that must be added to G so that the resulting graph is a sum graph. The sum number of various classes of graphs are known, among them K n , K m,n , C n and trees [6] . In Section 2, we determine the range of size of sum graphs of a given order n, and also characterize the set of positive integers that induce sum graphs of maximum size for a given order.
Various extensions to the notion of sum graphs were introduced by several authors, among them integral sum graphs by Harary [9] to any finite set of integers in 1994, real sum graphs by Harary et al. [10] to any finite set of positive real numbers in 1991, and product graphs by Bergstrand et al. [2] to any finite set of positive integers not containing 1 and closed under the product in 1992. However, it turned out that every real sum graph is a sum graph (see [10] ), and the set of all product graphs is identical to the set of all sum graphs (see [2] ). On the other hand, the notion of integral sum graphs gave rise to a different class of graphs. Integral sum graphs arise from labelling the vertices from the set of integers, leading to an analogous definition of integral sum number, denoted by ζ (G). Unlike sum graphs, integral sum graphs need not have isolated vertices, and so ζ (G) may be 0. Much less is known about integral sum graphs than about sum graphs; see [6] . In Section 3, we determine the range of size of integral sum graphs of a given order n, and also characterize the set of integers that induce integral sum graphs of maximum size for a given order. In particular, we answer in the negative a conjecture of Nicholas & Vilfred [19] that there exists an integral sum graph of order n and size m if and only if m ≤ (n−1)⌋ when n is odd and m ≤ 1 8 n(3n − 2) when n is even (there is a misprint in ( [6] , pp. 147)). In fact, we show the nonexistence of integral sum graphs of size 3 8 (n
(n − 1) − 1 when n is of the form 4k + 1, and confirm the existence of all other integral sum graphs in the conjecture.
The study of sum graphs has many applications. Slamet et al. [22] show how one can use sum graph labellings to distribute secret information to a set of people so that only an authorized set of people can reconstruct the secret (see [6] , pp. 144). Sutton [23] , in his Ph.D. thesis, introduced two methods of graph labellings that generalize the notion of sum graphs and have applications to storage and manipulation of relational database (see [6] , pp. 149). The focus of research in the subject of sum graphs and integral sum graphs has been on determining the sum number [1, 4, 5, 7, 8, 11, 12, 14, 17, 18, 20, 24, 25] or integral sum number [3, 9, [13] [14] [15] [16] 21, 25, 26] of classes of graphs. However, it is a natural question to ask for the existence of sum and integral sum graphs of given order and given size, which has also been independently raised in [19] for integral sum graphs.
Range of size of sum graphs
An (n, m)-sum graph is a sum graph of order n and size m. In this section, for a given positive integer n, we determine all m for which there exists an (n, m)-sum graph. We also characterize sets of positive integers that induce a sum graph of maximum size among those of order n. (n − 1) 2 ⌋. There can be no edge in a sum graph of order 1 or 2. The sum graph induced by {1, 2, 3} has one edge, while that induced by {1, 2, 4} has no edge, verifying the result for n = 3. The sum graph induced by {1, 2, 3, 4} has two edges, that induced by {1, 2, 3, 6} has one edge, while that induced by {1, 2, 4, 7} has no edge, verifying the result for n = 4. We may therefore assume that n > 4.
. . , n}, the number of edges in G is at most the number of pairs {i, j} such that i + j = k with i < j. Thus the size of G is at most
II. Consider the sum graph G n with vertices v 1 , . . . , v n , induced by the set of integers in [1, n] . Label the vertices by ℓ(
Hence G n is a sum graph of order n and size m n = ⌊
, we construct a sum graph G n,k of order n and size m n−1
As k varies over the set {1, . . . , ⌊ (n − 1) 2 when n is odd and to 1 4 n(n − 2) when n is even.
We close this section by determining those sets of positive integers S which induce an (n, m n )-sum graph. The construction in Theorem 2.1 establishes that S = {1, . . . , n} is one such set, for each n ≥ 1. Since the graphs induced by the sets S and cS are isomorphic for any c ≥ 1 and any set S of positive integers, it suffices to consider only those sets S for which gcd(S) = 1; we call these sets reduced. For n ≥ 5, we show that the only reduced set which induces an (n, m n )-sum graph is {1, . . . , n}. There are a few additional reduced sets when n ≤ 4.
Theorem 2.2. Let S be a reduced set of positive integers such that |S| = n and |E(G
Proof. Throughout this proof, we write m n = ⌊
The cases where n = 1 or 2 are trivial. Suppose S = {a, b, c} with a < b < c, and 
(ii) We prove the result for n ≥ 5 by induction. We note that if a sum graph has vertices v 1 , . . . , v n listed in increasing order of labelling, then d(v i ) ≤ n − i for 1 ≤ i ≤ n since there are only n − i vertices with a higher label than v i .
Suppose 
. . , 5}. This completes the assertion for the base case n = 5.
Suppose S = {a 1 , . . . , a n }, arranged in increasing order, induces the sum graph 
. . , a n−1 } also induces a sum graph of maximum size.
If n is even, S ′ = {1, . . . , n − 1} by the induction hypothesis. We claim that in order for S = S ′ ∪ {a n } to induce a sum graph of size m n , a n = n or n + 1. Since d(v n ) = 0 in G S , the additional 1 2 n − 1 edges are v i v j for 1 ≤ i < j ≤ n − 1 with i + j = a n . Thus i ∈ {a n − n + 1, . . . , ⌊ 1 2 (a n − 1)⌋}, since a n ≥ n, and the number of edges thus equals n − 1 − ⌊ 1 2 a n ⌋. Since this must equal 1 2 n − 1, we have a n = n or n + 1, as desired.
If n is odd, S ′ = {1, . . . , n − 1} or {1, . . . , n − 2, n} by the induction hypothesis. We claim that in order for S = S ′ ∪ {a n } to induce a sum graph of size m n , we must have a n = n in the first case and a n = n − 1 in the second case. In the first case, d(v n ) = 0 in G S and the additional 1 2 (n − 1) edges are v i v j for 1 ≤ i < j ≤ n − 1 with i + j = a n . As in the case when n is even, this implies n − 1 − ⌊ 1 2 a n ⌋ = 1 2 (n − 1). This gives a n = n, since a n > n − 1, as desired. In the second case, adding a n = n − 1 induces the sum graph G S with m n edges. If a n > n, d(v n ) = 0 in G S and the additional 1 2 (n − 1) edges are v i v j for 1 ≤ i < j ≤ n − 2 or j = n, with i + j = a n . Thus i ∈ {a n − n, a n − n + 2, . . . , ⌊ 1 2 (a n − 1)⌋}, and the number of edges again equals n − 1 − ⌊ 1 2 a n ⌋. Since this must equal 1 2 (n − 1), we have a n = n − 1, which is impossible. This completes the proof by induction.
Range of size of integral sum graphs
An (n, m)-integral sum graph is an integral sum graph of order n and size m. In this section, for a given positive integer n, we determine all m for which there exists an (n, m)-integral sum graph. Since sum graphs are automatically integral sum graphs, the range of m includes all nonnegative integers less than or equal to ⌊ (n − 1)⌋, we have
So if r − s > 1 and r + s is a fixed positive integer, then f (r − 1, s + 1) − f (r, s) ≥ 0. Thus f (r, s) attains its maximum when |r − s| ≤ 1 if r + s is fixed. We show that the maximum value that f (r, s) attains with r + s = n − 1 is given by M n − (n − 1), where
If n is odd,
If n is even,
if n is even.
When n is odd, f (r, s) is maximized at r = s = 1 2
(n − 1), and equals
If n ≡ 1(mod 4), ⌊ 1 16
(n − 1), and the expression in (4) equals 3 8 (n − 1) (n − 2), and the expression in (4) equals 3 8 (n − 1)
When n is even, f (r, s) is maximized when {r, s} = { (n−4), and the expression in (5) equals 1 8 
n(3n−2)−(n−1).
If n ≡ 2(mod 4), ⌊ 1 16
(n−2), and the expression in (5) equals 1 8 
We now use (2) to show that the equation f (r, s) = M n − n has a solution in nonnegative integers r, s with r + s = n − 1 if and only if n ̸ ≡ 1(mod 4). We know that f (r, s) attains its maximum value M n − (n − 1) when r, s satisfy r + s = n − 1 and |r − s| ≤ 1. From (2), the next largest value attained by f (r, s) for fixed r + s is obtained by replacing max{r, s} by max{r, s} + 1 and min{r, s} by min{r, s} − 1.
Suppose that n is odd. With r = s = 1 2
If n ≡ 1(mod 4), from (2) (n + 1), we have
Thus f (r, s) cannot attain the value M n − n when r + s = n − 1 and n ≡ 1(mod 4). Suppose that n is even. With r = n in (2), we have
This completes the proof of our claim that f (r, s) = M n − n has a solution in nonnegative integers r, s with r + s = n − 1 if and only if n ̸ ≡ 1(mod 4). We summarize our results for the function f (r, s) as the following lemma. n + 1} when n is even.
Theorem 2.1 ensures the existence of an (n, m n )-integral sum graph, since sum graphs are also integral sum graphs. In order to extend the range of size of integral sum graphs of order n, it is useful to note that
 is increasing with n, and M 3 − m 3 = 2. I. We first show that M n is an upper bound for the size of an integral sum graph of order n. Let G S be an integral sum graph of order n induced by a set of integers S of size n. Suppose S contains r positive and s negative integers, and 0 ̸ ∈ S. Let x 1 , . . . , 
with r + s = n. By Lemma 3.1, f (r, s) attains a maximum M n+1 − n, since r + s = n. A simple calculation shows that
Hence M n+1 − n ≤ M n for all n ≥ 1. On the other hand, if 0 ∈ S, G S can have no more than f (r, s) + n − 1 edges with r + s = n − 1, the additional n − 1 edges being those with one endpoint corresponding to the vertex labelled 0. Lemma 3.1
shows this maximum to be M n . Therefore the number of edges in G S is at most M n .
II.
We next show the existence of an (n, M n )-integral sum graph. We treat the two cases of odd and even n separately. 
For even n, consider a graphĤ n with vertices u 1 , . . . , u (n−2)/2 , v 0 , w 1 , . . . , w n/2 , induced by the set of integers in
[− 
ThusĜ n is an (n, M n )-integral sum graph for odd n whileĤ n is an (n, M n )-integral sum graph for even n. III. We next show the existence of (n, m)-integral sum graphs for n > 2 and 0 ≤ m < M n −1. Recall that the graphsĜ n andĤ n are integral sum graphs of order n and size M n for odd and even n, respectively. We consider the two constructions separately.
(n − 1) − 1 if n ≡ 1(mod 4) and 3 2 (n − 1) if n ≡ 3(mod 4). For n odd, n > 1, and k ∈ [1, 3 2 (n − 1) − 2], we construct a graph G n,k of order n and size M n−2 + k. As k varies over the set {1, . . . , 3 2 (n − 1) − 2}, this covers all integers in the interval
(n − 1). We use Lemma 3.2 and induction to construct graphs G n,k for k ∈ {1, 2, 3}. For n = 3, these are the graphs of sizes 1, 2 and 3, induced by the sets {1, 2, 3}, {−1, 0, 2} and {−1, 0, 1}, respectively. Assume there exist (k − 2, M k−2 − 2)-integral sum graphs for k, 3 ≤ k ≤ n + 1. In particular, assume the existence of a (n − 2, M n−2 − 2)-integral sum graph. This can be extended to a (n, M n−2 + 1)-integral sum graph, while the (n − 2, M n−2 )-integral sum graph (which exists by part II) can be extended to a (n, M n−2 + 2)-integral sum graph and to a (n, M n−2 + 3)-integral sum graph, by Lemma 3.2. Thus the claim holds for k = 1, 2, 3, and we assume that k ≥ 4 for the rest of the proof of this part.
Consider a graph G x,y with vertices u 1 , . . . ,
(n − 1) will be specified later. Label the vertices by ℓ(u i ) = −i for 1 ≤ i ≤ (n − 3), . . . , 1 2 (n − 3)}. There are n − x − 2 choices for j, valid if x ≤ n − 2. Similarly, in case (iv), there are n − y − 2 choices for i, valid if y ≤ n − 2. We shall choose x, y such that |x − y| ≤ 2 to ensure that u ↔ v.
In order that G x,y has M n−2 + k edges, we need to show that there exist integers x, y ∈  
Suppose n ≡ 1(mod 4) and G S is an integral sum graph induced by a set S consisting of r positive and s negative integers, with r + s = n. If either r or s is 0, the maximum size of G S is m n and this is less than M n − 1. So we may assume that there exist at least one vertex with a positive label and one with a negative label. Since the vertex with the smallest positive label cannot be adjacent to the one with the largest negative label (since 0 ̸ ∈ S), the maximum possible number of edges in G S is m r + m s + rs − 1 = f (r, s) − 1. This is at most M n+1 − n − 1. Recall that (n − 1)  when n is odd. Since M n+1 − M n < n holds for all odd n > 1, it follows that M n+1 − n − 1 < M n − 1 also holds for all odd n > 1. 
